Econometrics - Introduction to Matrix Algebra

Yale-NUS, YSS2211

February 3, 2016

Yale-NUS, YSS2211

Econometrics - Introduction to Matrix Algebra



2D and 3D plots

So far: 1 regressor (i.e. y = f(x))

B000 P -
7000 - // .

6000 |- - 4

US, YSS2211

Econometrics - Introduction to Ma




X2

1
(negative effect)

—~

—

9\l

X g

—

x .
%%

G £
@

| g
g

>

NP

)

—

(@)

")

0

() 1 L

aro 8 8B 8 B ° B B-

()

S

(@\}

«
e
S
o
20
<
x
<
]
©
2
<]
]
=
2
S
F]
S
<]
e
5
=
\
@
o
=
5
1]
£
S
£
<]
o
fin}

2D and 3D plots
Yale-NUS, YSS2211

Next




2D and 3D plots

Next: 2 regressors (i.e. y = f(xi, x2))

CE T
O R
50 \:.“wwﬂm%:

(dependent variable)

-50 ]

-100 4
100

40

x1

(positive effect) Al 2

(negative effect)

Yale-NUS, YSS2211

Econometrics - Introduction to Matrix Algebra



2D and 3D plots

Next: 2 regressors (i.e. y = f(x1,x))
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2D and 3D plots

Next: 2 regressors (i.e. y = f(x1,x))
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2D and 3D plots

Next: 2 regressors (i.e. y = f(x1,x2))

Note: last four slides it's the same graph, just different angles

The model is:

y =a+ fixa — faxo
and to be precise, the four previous slides represent:

y=242x31 —x
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2 regressors

y=a+pxte (1)

YSS2211
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2 regressors

in more detail
y1=a+ fx3 +e1
y2 = a+ Bxo+ e
y3 =+ fx3 + €3 (2)

YN =+ Bxy +en
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2 regressors

which in matrix algebra is

i o x18 €1
y2 o xo3 €2
vsl=al+|xB]|+]es (3)
YN o xn 3 EN
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2 regressors

which in matrix algebra is

%1 1 X1 €1
y2 1 X2 €2
wl=|1lat+|x|p+]|e3 (4)
YN 1 Xp EN
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2 regressors
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3 regressors

Let's add one more explanatory variable

For instance, wage depends on education (x;) and age (X2)

y1 =+ fix11 + Baxo1 +e1
y2 = a+ Pix12 + Baxop + €2
y3 = a+ fix13 + Paxo3 + €3 (6)

YN — o+ Pixyn + Poxon +En
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3 regressors

Let's add one more explanatory variable

We want to estimate «, 31, 82. Like in the case with only one
regressor, we will minimize the sum of squared errors.

yi —a+ fixi1+ Baxa1 = €1
y2 —a+ Bixip + Baxo o = €2
y3 —a+ Bix13 + Paxo3 = €3 (7)

YN — o+ Bixin + Boxon = En
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3 regressors

Our problem

We want to estimate «, 51, 2. Like in the case with only one
regressor, we will minimize the sum of squared errors.

N

N
Mina,g, g, Y €7 = Minag, g, Y (vi — o+ Brxai + Baxei)? (8)
i=1 i=1
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3 regressors

First Order Conditions

N N N
o] Na+5 > xi+B2) xi=> v
i=1 i=1 i=1
N N N N
[Br] &Y xi+B Y i+ 5d> xpei=> xy (9)
i—1 i—1 i—1 i—1

N N N N
N A A 2
[82] & Z x2,i + B1 Z x1,iX2,i + B2 Z Xp i = Z X2,iYi
i=1 i=1 i=1 i=1
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3 regressors

First Order Conditions

This is t-e-d-i-o-u-s!
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3 regressors

Solution: Matrix Algebra

yi o x1,101
y2 a x1,231
l=1al+|x36
YN o' x1,n 01

Yale-NUS, YSS2211

x2,1532 €1
x2,232 €2
x23B2 | + | €3 (10)
X2 N2 EN
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3 regressors

Solution: Matrix Algebra

n 1 X11 X2,1 €1
y2 1 X1,2 X2,2 €2
l=|(1la+|x3|s+]|%3]|8+]c3 (11)
YN 1 X1,N X2,N EN
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3 regressors

Solution: Matrix Algebra

%1 1 x11 x1 €1
¥2 1 x12 X1 o €2
=11 x3 x1| |5 ]|+]c¢3 (12)
. . /82 .
~——
YN 1 xinv X1 5 EN
—— ~ ——
y X €
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3 regressors

Solution: Matrix Algebra

y=XB+e (13)

Note, using Matrix properties,

yi=1lxa+x1xXB1+x1x%xPB2+e1

and generally, for any observation i in our sample,

Yi=a+x,i X B1+x; X B+¢;

Yale-NUS, YSS2211
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3 regressors

Our Problem is the same as above (see equation (7))

We want to estimate «, 51, 2. Like in the case with only one
regressor, we will minimize the sum of squared errors.

y1 —a+ Bixi1 + Baxo1 = €1

Y2 —a+ fixip+ Baxop = €2

y3 —a+ fixi3 + Baxe3 = €3
YN — a+ Pixyn + Paxon = EN

but now it looks nicer:
y — X3 = e. Our problem is to find the argument that minimizes

Min &'e = Min(y — XB) (y — XB)

Yale-NUS, YSS2211
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2
Vectors®

Vector multiplication

Why do we write
Min &'e = Min (y — XB)/ (y — XB)
instead of

Min &%= Min(y — X3)* ?

This is a useful convention. We cannot square or cube matrices,
but we can always pre-multiply them by themselves, or
post-multiply them by themselves

Yale-NUS, YSS2211
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2
Vectors®

Vector multiplication: What is ¢’e ?

T

€1 €1

€2 €2

de=1¢3 €3

EN EN
i.e.

€1

€2 N
ge=(e1 e e3 ... en) |3 :€%+€§+€§+...+€%:Z€?
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2
Vectors®

Note: ¢’ # e’ |

T
€1 €1
€2 €2
ce = €3 €3
EN EN
i.e.
2
€1 €7 £1&2 €13 ... 616/\/\
g2 E2€&1 5% E2E3 ... E2EN
2
ee'=|[e3|(e1 e2 e3 ... ey)=|€361 €32 €3 ... E3EN
1x N :
EN ENE1 ENE2 ENE3 ... 8%,
N——
N x1
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Linear regression with matrix algebra

Our Problem is the same as above (see equation (7))

We want to estimate «, 81,82 in y = X3 4+ €. Like in the case
with only one regressor, we will minimize the sum of squared
errors. That is, our problem is to find the argument that minimizes

Ming €'e = Min(y — XB) (y — XB)

Q@
where (3 is a vector of parameters: 5 = [ 51

B2
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Linear regression with matrix algebra

OLS in Matrix Algebra

e = ’V"”(y XB) (y — XB)
= Min (y' — 8'X") (y — XB)

= Min (y'y — ﬂ’X y—y' X3+ B8X'Xp)
:M/n( 'y =28 X'y + 8’ X’ Xﬂ)

I\/Iing

where the last step is due to the fact that 3’ X’y is a scalar:
(1 x k)(k x N)(N x 1), and we know X\ = X for any scalar A
Also note: y'y is a scalar, and /X’ X3 is also a scalar

Yale-NUS, YSS2211
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Linear regression with matrix algebra

Matrix Differentiation

Let ¢ be a k x 1 vector: ¢ =
Ck
B
Let 5 be a k x 1 vector of parameters: 8 = | :
Bk

cdp=7

Yale-NUS, YSS2211
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Linear regression with matrix algebra

Matrix Differentiation

C1
Let ¢ be a k x 1 vector: ¢ =
Ck
B
Let 5 be a k x 1 vector of parameters: 8 = | :
Bk

Clﬁ =7 afi+ b+ ... + Pk

Yale-NUS, YSS2211
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Linear regression with matrix algebra

Matrix Differentiation

What is then %7

daBitcBot...4ckBi)

b1 C1
d(c1Bi+c2B2+...4+ckBk) c
acB) _ P2 _ [P =¢
95 : ==
aprtcaBot...+cif) Ck

0Bk

Note: since ¢’ = f'c = B(BIC) =c
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Linear regression with matrix algebra

OLS in Matrix Algebra: FOC [ =5 a(ﬂc = ¢ and 0(5;5)

'y —28'X'y + B'X'XB)

op
=2X'y + X'XB+ (BX'X) =
=2X'y + X'XB + (X'XB) =
=2X'y +2X'XB =0
= X'y =X'Xp
= (X'X)"X'y =

Yale-NUS, YSS2211
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Linear regression with matrix algebra

OLS in Matrix Algebra: FOC

Note: (X'X)~1X'y = /3 looks very much like = ¢
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